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Answer all the questions. You can state correctly and use any result proved in
class. However if an answer is an immediate consequence of a result quoted,
that result also need to be proved. Each question is worth 6 points.

10.

. Let ¢ = {{an}n>1 : @, — 0}, equipped with the supremum norm. Let

f : ¢co = C be a linear function such that f(e,) = n. Show that ker(f)
is dense in cg.

Let H be a complex Hilbert space and let & : H — H be a linear onto
map such that ||®(z)|| = ||z|| for all z € H. Show that ® preserves the
inner product.

Let A be a commutative complex Banach algebra with identity e. Show
that A is homomorphic and isometric to a subalgebra of the space of
bounded linear operators on a Banach space.

Let M = {f € C([0,1]) : f(E) = 0}, for some closed set E C [0,1].
Show that the quotient algebra C([0,1])/M is homomorphic and iso-
metric to C(F) .

Consider the Hilbert space ¢ = {{a,}n>1 @ D |an|> < 0o}, Let T :
(? — % be defined by T({an}n>1) = {Ean}n>1. Compute ||T|], also
describe T™.

Let A be a commutative Banach algebra with identity e. Show that
every proper ideal is contained in a maximal ideal.

Let X be a normed linear space and Y a Banach space. Show that the
space of bounded linear operators £(X,Y) is a Banach space.

Let T : L'([0,1]) — L*([0,1]) be a bounded linear map. Consider
T* : L2([0,1]) — L=([0,1]) defined by T*(f)(g9) = [T(g)f dx for
f € L*([0,1]) and g € L'([0,1]. Show that T* is a well-defined, bounded
linear map.

Let H be a complex Hilbert space. Show that for some infinite discrete
set T, there is a bounded linear map from H onto ¢*(T).

Let H be a complex Hilbert space and let T': H — H be a bounded
linear map such that its adjoint 7" = 0. Show that 7" = 0.



